Abstract-Synchronization with the power system is an essential part of control of grid-connected converters. This paper proposes a grid-voltage sensorless synchronization and control scheme for a grid-connected converter equipped with an LCL filter, measuring only the converter currents and the DC voltage. A discrete-time pole-placement design method is used to formulate an adaptive full-order observer for estimation of the angle and magnitude of the grid voltage. The analytically derived design is experimentally validated, and the results demonstrate rapid convergence of the estimated angle and magnitude.
I. INTRODUCTION
Grid-connected converters are increasingly used to connect various renewable energy sources to the electric power system. A growing trend is to replace a conventional inductive L filter (between the converter and the grid) with an LCL filter in order to fulfill the current harmonic limits presented in the standards, e.g., [1] . A factor behind this trend is higher switching harmonics attenuation provided by the LCL filter, which enables a physically smaller and cheaper filter at low switching frequencies, e.g., 4 . . . 8 kHz [2] .
The converter equipped with an LCL filter is also an attractive solution for low-harmonic active front-end rectifiers of variable-speed motor drives, where regenerative braking, adjustable DC-link voltage, and adjustable power factor enable energy flow optimization. In drives, operation without position or speed sensors provides cost savings and increases reliability [3] . Overall costs of a drive with an active front-end rectifier can be further reduced by replacing the grid voltage sensors with estimation and implementing active damping of the LCLfilter resonance without extra sensors as in [4] .
Synchronization with the grid is needed in order to control instantaneous active and reactive power injected by the converter. However, only a few grid-voltage sensorless synchronization methods have been presented in the case of the LCL filter [4] - [11] . Sensorless synchronization has been obtained using the instantaneous power theory [4] and virtual flux models [5] , [6] . Alternatively, the grid voltage can be estimated using observers [7] - [13] . Solutions relying on the Kalman filter have been proposed [7] - [9] . Although the Kalman filter can be described as a statistically optimal estimator, its drawback is that the process noise parameters are needed for tuning of the observer. These noise parameters are often determined by trial and error [7] .
A subcategory of the observers is model-reference adaptive observers, which are able to adjust internal model parameters in real time. Adaptive observers have been used for estimation of the rotor speed, position, and flux magnitude in motor drives, e.g., in [14] , and, correspondingly, for estimation of the grid-voltage frequency, angle, and magnitude in gridconnected converters [8] , [10] - [13] . The estimation error of the converter current includes the information of the gridvoltage angle and amplitude [11] , [12] .
Control of a converter is typically implemented on a microprocessor and the sampling of the converter current is synchronized with the pulse-width modulation (PWM). Frequently, the control algorithms are designed in the continuous-time domain and then discretized. This principle works well in many cases. However, when the LCL-filter resonance is relatively close to the switching frequency, only a few samples are obtained within the period of the resonance frequency. Then, the direct discrete-time design is preferable, e.g., in the case of current control [15] . For sensorless control of a converter equipped with the LCL filter, a continuous-time design has been presented for a model-based full-order observer in [11] . However, no analytical direct discrete-time design method has been presented for the adaptive full-order observer in this application.
Main contributions of this paper are: 1) A direct discretetime design method is proposed for an adaptive full-order observer enabling grid-voltage sensorless control of a gridconnected converter equipped with an LCL filter; 2) Estimation error dynamics of the observer are analyzed by means of small-signal linearization; 3) The analytically derived design is experimentally verified. Furthermore, the proposed observer is compared with the observer designed in the continuous-time domain [11] . The presented design method retains analytical connection between the physical model parameters of the LCL filter and the observer dynamics. This connection generalizes the method for different parameter sets and enables automatic tuning if the model parameters are known or estimated. II. SYSTEM MODEL Switching-cycle-averaged complex-valued space vectors are used. Complex-valued, matrix, and vector quantities are marked with boldface symbols. The equivalent circuit model of the LCL filter is presented in Fig. 1(a) . The grid-voltage vector in the stationary reference frame (marked with the superscript s) is u
where ϑ g = ∫ ω g dt is the angle, ω g is the angular frequency, and u g is the amplitude. In synchronous grid-voltage oriented coordinates (marked with the superscript g), the dynamics of the converter current i g c are 
The losses of the filter are neglected, which represents the worst-case situation for the resonance of the LCL filter. A zero-order hold for the switching-cycle-averaged converter output voltage is assumed and synchronous sampling is used. In addition, the amplitude u g and frequency ω g of the grid voltage are assumed to vary slowly, i.e., to be constant during the sampling period T s . Under these assumptions, the discrete-time model of (2) is [15] 
Furthermore, the closed-form expressions for the elements of the state-transition matrix Φ and the input vectors Γ c and Γ g are given in Appendix A as functions of the LCL-filter parameters. The grid-voltage angle is
in the discrete-time domain.
III. ADAPTIVE FULL-ORDER OBSERVER
The control structure is illustrated in Fig. 1(b) . Control of the converter is implemented in the estimated grid-voltage reference frame that is aligned with the estimated grid-voltage vector. Synchronization is obtained using an adaptive observer. The structure of the adaptive observer is shown in Fig. 2 . The angular frequencyω g , the angleθ g , and the magnitudeû g of the grid voltage are estimated in the outer loops, while the state vectorx is estimated by the full-order state observer. The full-order observer iŝ Fig. 3 . Orientation of the estimated grid-voltage reference frame.
where
T is the observer gain vector, andΦ,Γ c , andΓ g are adaptive model matrices that are obtained replacing the actual angular frequency ω g with the estimated angular frequencyω g in the matrices. According to (5), a natural estimator for the angle iŝ
A. Estimation-Error Dynamics
There can be angle displacement between the actual and estimated grid-voltage vector (cf. Fig. 3 ). From (5) and (7), the dynamics of the angle errorθ = ϑ g −θ g becomẽ
whereω g = ω g −ω g is the frequency estimation error. Since the system model and the control algorithm are in the different coordinates, the discrete-time model (4) is transformed into the estimated grid-voltage reference frame applying:
Together with (8), the resulting dynamics are
From (6), (8), and (10), the dynamics of the estimation-error
(11) whereũ g = u g −û g is the estimation error of the grid voltage. As can be seen, (11) is nonlinear with respect to the angle errorθ and the angular-frequency errorω g . Furthermore, the matricesΦ(ω g ),Γ c (ω g ), andΓ g (ω g ) depend on the estimated angular frequencyω g and moreover on the estimation errorω g .
B. Small-Signal Linearization
The nonlinear dynamics are analyzed in an operating point. Operating-point quantities are marked with the subscript 0. If the accurate model parameters are assumed and the gain K o is selected such that the eigenvalues of Φ − K o C c are inside the unit circle, the system has an equilibrium point {e 0 = 0, u 0 = 0,ω 0 = 0,θ 0 = 0}, where the estimation error is zero in steady state. In the vicinity of the equilibrium point, the system (11) has linearized dynamics
The linearized dynamics are derived in Appendix B. The converter current is the only measured state variable. Thus, it is interesting to analyze the dynamics of the estimation errorĩ = C c e of the converter current induced by the magnitude and angle deviations,ũ g andθ, respectively. From (12), the pulse-transfer function from the voltage deviation to the converter-current estimation error is
and b(z) is the numerator of the transfer function. The coefficient Γ ω of the angular frequency error in (12) is minor in comparison with the other coefficients and
Therefore, the dynamics can be simplified by approximating Γ ω ≈ 0, and the pulse-transfer function from the angle deviation to the converter current estimation error becomes
It can be seen that the estimation-error components inĩ caused by the voltage and angle deviations are orthogonal, i.e., G iϑ = ju g0 G iu . This forms the basis for the design of the adaptation loops in Sections III-D and III-E.
C. Pole Placement of the Full-Order Observer
Let the desired characteristic polynomial (14) of the estimation-error dynamics be
The discrete-time poles α o1 , α o2 , and α o3 are mapped via the continuous-time counterpart (s + α od )(s 2 + 2ζ or ω or s + ω 2 or ):
Continuous-time pole locations are the tuning parameters of the full-order observer. The first-order pole α od is set to Fig. 4 . Small-signal linearized adaptation loops. The blue blocks represent the adaptation laws, i.e., the estimators. For simplicity, the current error component caused by the angular-frequency errorω is omitted in the figure, since its coefficient is minor in (12) .
determine the dominant dynamics of the estimation error and the pair of poles, determined by ω or and ζ or , is placed at a higher frequency. Analytical expressions for calculating the observer gain K o have been derived in [15] as a function of the tuning and system (LCL filter) parameters. Furthermore, the selection of the pole locations has been discussed in [15] .
D. Quasi-Steady-State Analysis
In order to design adaptation laws for the angle and amplitude estimation of the grid voltage, the estimation error dynamics of the full-order observer in (12) are considered to be much faster than the adaptation mechanisms. From adaptation point of view, it is reasonable to approximate the full-order observer dynamics using quasi-steady-state gains. These gains are obtained forũ g andθ in (13) and (16), respectively, by making z = 1. It follows that
where the constants a, b, and φ are
(20) and ω p is the resonance frequency (3).
E. Adaptation Laws
As revealed in (19), the real part of the estimation errorĩ of the converter current is strongly affected by the voltage differenceũ g . On the other hand, the imaginary part ofĩ is strongly affected by the angle differenceθ. Moreover, if the currentestimation errorĩ is rotated and scaled asĩ = (a/b)e jφĩ , the real and imaginary parts of the modified errorĩ can be directly separated into the grid-voltage magnitude and angle estimation, respectively.
Let the grid-voltage estimator bê and the estimator for the angular frequency bê
Furthermore, the estimator for the grid-voltage angle is given in (7). Fig. 4 shows the linearized adaptation loops, when the proposed adaptation laws are used. Considering the quasisteady-state relationships G iu (1) 
If the gain is
the closed-loop transfer function G u (z) represents the firstorder system with the bandwidth of α u . This bandwidth is the only parameter needed for tuning of the grid-voltagemagnitude estimation loop. Fig. 5(a) illustrates the estimation error of the voltage when the step change Δu g is applied in u g and the selections for the parameters are α u = 2π · 50 rad/s and α u = 2π · 100 rad/s. The estimation error is less than 5% after t 5% ≈ 3/α u . Moreover, the error is practically zero even for the lower α u after a period of the grid voltage (20 ms). The closed-loop transfer function of the linearized angle adaptation loop becomes
Selecting the gains
the poles of the angle-estimation loop have the natural frequency of ω ω with the damping ratio of ζ ω . The angle estimator is tuned via these parameters. The zero of the pulse-transfer function G ϑ (z) introduces overshoot, e.g., in the case of step responses. Thus, it is beneficial to select a high damping ratio, e.g., ζ ω = 1. The natural frequency ω ω is directly related to the convergence speed of the angle tracking. For a step change in the angle, the estimation error is reduced below ±5% in t 5% ≈ 4.2/ω ω , if ζ ω = 1. Fig. 5(b) illustrates the response of the estimation error when the step change Δϑ g is applied in ϑ g and the parameters are ω ω = 2π · 50 rad/s and ω ω = 2π · 100 rad/s. As the figure shows, the estimation error is practically zero after a grid-voltage period (20 ms) even for the smaller ω ω .
F. Small-Signal Stability
Tuning of the grid-voltage amplitude and angle estimators was based on the quasi-steady-state analysis, and the frequency-error-dependent part Γ ω of (12) was neglected. However, when the tuning parameters α u and ω ω (approximate bandwidths) approach the tuning parameters α o1 and ω or of the full-order observer, the quasi-steady-state assumption is not valid and the stability of the adaptive observer can be lost. In the following, the stability of the estimation scheme is further analyzed.
Considering (8), (12), (21), and (22), the small-signal model for the closed-loop system is obtained and the estimation-error dynamics are
where x ω is an auxiliary state, and
The system is linear and its numerical analysis becomes straightforward, if the complex space vectors are written in component form. The closed-loop stability of the entire observer is examined when the design parameters of the observer are altered. The nominal system parameters are given in Table I . Stability is analyzed numerically by calculating eigenvalues of the linearized system (27). Fig. 6 illustrates stability regions of the closedloop adaptive observer in the case of the different sampling periods T s = 83.3 μH and T s = 125 μH (corresponding the switching frequencies of 6 kHz and 4 kHz when two samples per period are obtained). Moreover, the regions where the damping ratios of the all eigenvalues are at least 0.2 and 0.7 are illustrated. The figure shows that the eigenvalues are well damped if the tuning parameters of the adaptation loops α u and ω ω are selected a decade down from α od and ω or . 
IV. COMPARISON BETWEEN THE PROPOSED METHOD AND ITS CONTINUOUS-TIME COUNTERPART
An alternative for the proposed direct discrete-time design method is the continuous-time design method with an approximate discretization for digital implementation [11] . In comparison with the direct discrete-time design, continuoustime design is often easier and the models, e.g., system matrices, are simpler. However, the complexity of the continuous design is hidden in the digital implementation. For the fullorder observer, Tustin's method for the discretization is needed in [11] , which makes updating and computing the discrete approximation of the continuous-time observer at least as timeconsuming as updating the proposed observer.
In order to compare the proposed observer and its continuous-time counterpart [11] , the both observer designs were first simulated in the case of the nominal system parameters, cf. Table I . Fig. 7(a) shows the simulated responses of the estimation error when the converter current i observers under comparison. Fig. 7(b) shows the estimation-error responses in the case of the erroneous parameters and longer sampling time. For the both observers under comparison, the sampling time was doubled to T s = 250 μs which corresponds the switching frequency of 4 kHz with once-per-carrier synchronous sampling. The tuning parameter of the angle estimator was increased to ω ω = 2π · 150 rad/s for faster tracking of the gridvoltage angle. Moreover, the model parameters of the both observers were erroneous: the real grid-side inductance L fg was increased by 50 % while the model parameters used by the observers were nominal. As the figure shows, the observer [11] that is designed in the continuous-time domain (blue dashed line) becomes unstable whereas the proposed observer (red solid line) is fully operational. Steady-state estimation errors depends on the operating-point. The results indicate that the proposed direct digital design is suitable for lower sampling frequencies than the continuous-time design [11] . Naturally, when the sampling frequency is higher, the functional differ- ence between the compared methods is smaller.
V. EXPERIMENTAL RESULTS

A. Validation
The proposed adaptive observer was experimentally tested as a part of grid-voltage sensorless control scheme shown in Fig. 1(b) . The switching frequency of the 12.5-kVA, 400-V converter under test was 4 kHz and synchronous sampling (twice-per carrier) was used. The converter was connected to the electric power distribution system via a 1-MVA 20-kV/400-V transformer. The nominal system parameters are given in Table I . State-space current control [15] , designed in the discrete-time domain, was used and the control algorithm was implemented on dSPACE DS1006 processor board. The converter under test was regulating the dc-bus voltage whereas another back-to-back connected converter was feeding power to the bus.
The current controller was tuned to give an approximate closed-loop bandwidth of 600 Hz. The dominant estimationerror dynamics were set twice as fast as the current-control bandwidth, i.e, α od = 2π·1200 rad/s and the second-order pole ω or was set to the resonance frequency ω p with the damping ratio of ζ or = 0.7. The tuning parameters for the adaptation loops were: α u = 2π · 100 rad/s, ω ω = 2π · 50 rad/s, and ζ ω = 1. Fig. 8(a) shows the responses of the estimated and actual grid-voltage angles when the impulse disturbance of +60
• was applied into the estimated angleθ g . At the same time, the converter was supplying the power of 0.4 p.u. to the grid. Fig. 8(b) compares the measured angle-estimation error with the corresponding theoretical estimation error that is obtained from (27). As can be seen from the figure, the agreement between theoretical and measured estimation error is good. Moreover, the designed dynamic behavior is realized, cf. Fig.  5(b) . The small 300-Hz ripple in the measured estimation error originates from the grid-voltage harmonics. Fig. 9(a) shows the responses of the estimated and actual grid-voltage magnitudes when the impulse disturbance of −0.9 p.u. was applied into the estimated magnitudeû g . At the same time, the converter was supplying the power of 0.4 p.u. to the grid. Fig. 9(b) compares the measured waveform of the magnitude-estimation error with the theoretical estimation error that is obtained from (27) . As the figure shows, the agreement between the theoretical response and measurement is good. Furthermore, the measured estimation-error dynamics correspond the designed dynamics, cf. Fig. 5(a) .
B. Operation Under Grid Disturbances
Operation of the grid-voltage sensorless control scheme was tested under grid-voltage dips and phase-angle jumps. The disturbances were supplied using a 50-kVA three-phase fourquadrant power supply (Regatron TopCon TC.ACS).
1) Grid Voltage Dip:
Operation under a grid-voltage dip of 0.5 p.u. was evaluated. The converter was supplying the power of 0.4 p.u. to the grid. The measured responses of the estimated grid-voltage magnitude and the grid-current components i α and i β are shown in Fig. 10 . As the figure shows, the estimated magnitudeû g rapidly follows the actual magnitude. The steady-state estimation error is small (0.03 p.u.) and it is explained by parameter uncertainties of the experimental setup.
2) Phase-Angle Jump: When the converter was rectifying the power of −0.4 p.u. from the grid, the grid-voltage angle was rapidly changed −60
• . Fig. 11 shows the measured responses of the grid-current components i α and i β and the estimated and actual grid-voltage angles under the phase-angle jump. The steady-state estimation error of the angle is small (0.5
• ). As the figure shows, the estimated angle rapidly follows the actual angle and the steady-state operation is achieved in a half cycle of the grid voltage.
VI. CONCLUSION
This paper presents a discrete-time adaptive full-order observer for grid-voltage sensorless control of a grid-connected converter equipped with an LCL filter. The proposed analytical design method gives simple expressions for the gains of the observer scheme. The implementation of the method is straightforward following directly the digital design. According to the simulations, the proposed method is suitable for lower sampling rates than its continuous-time counterpart. Experimental results confirm the design method and indicate fast tracking of the grid-voltage amplitude and angle. Replacing the grid-voltage sensors with estimation provides cost savings. The proposed design could be applied, e.g., in active-front-end rectifiers of motor drives.
APPENDIX A PARAMETERS OF THE DISCRETIZED SYSTEM
The state-transition matrix Φ = e ATs in (4) is 
where ρ = ω 
If the circuit parameters are accurate (L fg = L fc ,Ĉ f = C f ,L fg = L fg ) in the observer matrices and the frequency estimation error is zero (ω 0 = ω g0 −ω g0 = 0), the system matrices are equalΦ 0 = Φ 0 ,Γ c0 = Γ c0 , andΓ g0 = Γ g0 . It follows that the estimation errors are zero {e 0 = 0,ũ g0 = 0, ω 0 = 0,θ 0 = 0} at the equilibrium point with the accurate parameters. In the vicinity of the equilibrium, the small-signal deviation is marked with δ, e.g., δθ =θ −θ 0 . In terms of the small-signal deviations, the estimation error dynamics around the equilibrium are 
It is to be noted that the system matrices of the observerΦ,Γ c , andΓ g are similar to Φ, Γ c , and Γ g , but instead of ω g , they are functions ofω g . Thus, they are functions ofω = ω g −ω g and their partial derivatives are considered with respect toω in (35). In order to shorten notation, δ is left out in the resulting linearized dynamics (12) and in Section III.
